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Complaint wallsThe present paper looks at the effect of radial magnetic field on peristalsis of Sutterby fluid in a curved
channel with velocity and temperature slip conditions. The channel walls satisfy the complaint proper-
ties. The energy equation is modeled by Joule heating, thermal radiation and viscous dissipation. The non-
linear differential equations for velocity and temperature have been numerically solved under the long
wavelength and low Reynolds number approximations. Further the graphical results of axial velocity
and temperature for various values of sundry parameters are discussed. It is observed that Hartman num-
ber has similar effect on the velocity and temperature profiles. The symmetric nature of velocity is
observed for larger values of curvature parameter.
 2016 The Authors. Published by Elsevier B.V. This is anopenaccess article under the CCBY license (http://
creativecommons.org/licenses/by/4.0/).Introduction
The successive waves of involuntary contraction passing along
the walls of a hollow muscular structure as the esophagus or intes-
tine, forcing the contents forward (usually downward) is known as
peristalsis. It has numerous applications in physiology, biomedical
engineering and industry. The transport of bile in bile duct, trans-
port of urine from kidney to bladder, chyme movement in the
intestine, fluid flow in perivascular space of brain, vasomotion of
small blood vessels and spermatozoa transport etc. are some note-
worthy examples of the phenomena of peristalsis. Its application
on industrial scale can be seen in hose pumps, heart–lung machi-
nes, finger and roller pumps etc. Due to its extensive involvement
in many physiological and industrial processes, the researchers in
the past have given due attention to peristalsis of viscous and
non-Newtonian fluids under different aspects. The earliest activi-
ties in this direction were made by Latham [1] and Shapiro et al.
[2]. Afterwards some attempts related to peristalsis can be seen
in the studies [3–15]. It is also noted that magnetohydrodynamic
peristaltic flow of fluid has wide utility in engineering and indus-
try. The magnetic field can be used to cure inflammations, cancer
tumors, hyperthermia, ulceration, blood reduction during surgeries
and many diseases of intestine and ureter. The usage of MRI (mag-
netic resonance imaging), NMRI (nuclear magnetic resonance
imaging) and MRT (magnetic resonance tomography) to imagingthe physiological processes in human body are important applica-
tions of magnetic field in biomedical science and engineering. MHD
generators, MHD accelators and pumps, polymer technology, aero-
dynamic heating process, electrostatic precipitation, sensitive sen-
sors that developed from GMR (giant magneto resistive)
technology detect and facilitate the peristaltic motion in intestine,
fallopian tubes and in vas-deferens etc. show significant industrial
and medical applications of MHD. Abd-Alla and Abo-Dahab [16]
considered the peristaltic flow of Jeffery fluid in an asymmetric
rotating channel. Hayat et al. [17] made a study about the impact
of radial magnetic field to increase the wave amplitude (used in
ECG for synchronization purposes) along with heat and mass trans-
fer effects. Refs. [18–31] include analysis regarding MHD effects on
peristaltic motion in different geometries with various conditions.
Joule heating (Ohmic heating or resistive heating) arises due to
the resistance offered to electric current passing through material
i.e., friction generates heat. Joule heating has both beneficial and
inimical impact on a system. A couple of systems that utilize Joule
heating include hot plate, microvalves for fluid control, dielec-
trophoretic trapping, bio-particles manipulation in aqueous med-
ium, PCR reactors, electric heaters and stoves, electric fuses,
thermistors and soldering irons etc. On the other hand in some
mechanism it generates undesired heat which can degenerate or
melt the machinery parts, may create denaturation of biological
samples (proteins, DNA etc.), malfunctioning of chip systems and
bubble formation etc. Such undesired effects of Joule heating can
be controlled to some extent. The studies [32–41] describe the
joule heating and heat transfer effects on peristalsis with and
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has very much significance in diagnosing many arterial diseases
[42]. Slip phenomena has application in technology such as artifi-
cial heart polishing, polymer technology etc. Kathodapani [43] pre-
sented analysis on effects of radiation and magnetic field on
peristalsis of nanofluid through tapered asymmetric channel.
Hayat et al. [44] examined influence of thermal radiation and rota-
tion on peristalsis of Jeffery fluid.
Motivated by aforementioned facts the objective here is to
address the combined effects of Hall and viscous dissipation on
peristalsis of electrically conducting Sutterby fluid in curved chan-
nel. Flexible walls and radiative heat flux are also considered. Joule
heating effects on peristaltic transport are not given proper atten-
tion in curved channel yet. Thus this important aspect is also ana-
lyzed here. Velocity and thermal conditions are employed when
no-slip conditions do not hold. System of equations are simplified
by applying long wavelength and low Reynolds number approxi-
mations. Impact of pertinent parameters on physical quantities of
interest are discussed in detail.
Mathematical modeling
An incompressible flow of electrically conducting Sutterby fluid
is considered in a curved channel of width 2d channel is coiled in a
circle with centre O and radius R. Let r and x denote the radial and
axial directions (see Fig. 1). Analysis here is considered in presence
of velocity and thermal slip conditions. Moreover thermal radia-
tion and Joule heating aspects are present. Flexible property of
channel walls is accounted.
The velocity for the present problem is taken in the following
form
V ¼ ðvðr; x; tÞ;uðr; x; tÞ;0Þ;
whereas the wave along the channel walls is given by
g ¼ ½dþ a sin 2p
k
ðx ctÞ;
þ and  signs show the upper and lower walls of the channel
respectively. Here a; k, and c denote the amplitude, wavelength
and wave speed respectively. The applied magnetic field
B ¼ B0ðrþRÞ ;0;0
 
is taken in radial direction to the flow while
induced magnetic field is neglected for small magnetic Reynolds
number. Electric field effects are not taken into account.
The Lorentz force is
F ¼ J B; ð1Þ
J ¼ r½V  B: ð2Þ
The above equation leads to the following expressionFig. 1. Problem sketch.F ¼ 0; urB
2
0
ðr þ RÞ2
;0
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; ð3Þ
in which B0 is the strength of magnetic field, r the electric conduc-
tivity and Jð¼ Jx; Jy; 0Þ the current density. The equations for the pre-
sent flow are
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in which p is the pressure, Sijði; j ¼ r; xÞ the stress components, Cp
the specific heat at constant volume, k the thermal conductivity, T
the temperature of fluid and qr the radiative heat flux in radial
direction. The extra stress tensor for the Sutterby fluid is defined
below [45]:
S ¼ l
2
Sinh1fB1 _cg
B1 _c
" #a1
A1; ð8Þ
with
A1 ¼ grad Vð Þ þ ðgrad VÞtranspose;
_c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃX
i
X
j
_c1i _cj1
s
¼
ﬃﬃﬃﬃ
P
2
r
;
P ¼ tr grad Vð Þ þ ðgrad VÞT
h i2
: ð9Þ
The radiative heat flux after using Rosseland’s approximation
can be written as follows:
qr ¼ 
16rT30
3k
@T
@r
; ð10Þ
where B1 and a1 are the material constants of the Sutterby fluid, A1
the first Rivilin Ericksen tensor, P the second invariant tensor, r
the Stefan–Boltzman constant and k mean absorption coefficient.
The boundary conditions for the problem under consideration
are
u b1Srx ¼ 0 at r ¼ g; ð11Þ
Fig. 4. Impact of k on u when  ¼ 0:2; x ¼ 0:2; t ¼ 0:1; E1 ¼ 0:03; E2
¼ 0:03; E3 ¼ 0:1; b1 ¼ 0:5; b2 ¼ 0:1; Br ¼ 2:0; Rn ¼ 0:1; b ¼ 0:1 and M ¼ 1:0.
ig. 2. Impact of b on u when  ¼ 0:2; x ¼ 0:2, t ¼ 0:1; E1 ¼ 0:03; E2 ¼ 0:03; E3
0:1; M ¼ 1:0; b1 ¼ 0:5; b2 ¼ 0:1; Br ¼ 2:0; Rn ¼ 0:1 and k ¼ 3:0.
ig. 3. Impact of M on u when  ¼ 0:2; x ¼ 0:2; t ¼ 0:1; E1 ¼ 0:03; E2 ¼
0:03; E3 ¼ 0:1; b1 ¼ 0:5; b2 ¼ 0:1; Br ¼ 2:0; Rn ¼ 0:1; b ¼ 0:1 and k ¼ 3:0.
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Now we consider the non-dimensional variables in the form
x ¼ x
k
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d
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c
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t
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d
ði ¼ 1;2Þ:
After using the above mentioned transformations, Eqs. (4)–(13)
are reduced to
@v
@r
þ kd
r þ k
@u
@x
þ v
r þ k ¼ 0; ð14Þ
Red d
@v
@t
þ v @v
@r
þ kdu
r þ k
@v
@x
 u
2
r þ k
	 

¼  @p
@r
þ d 1
r þ k
@
@r
fðr þ kÞSrrg þ kdr þ k
@Sxr
@x
 Sxx
r þ k
	 

; ð15Þ
 Re d @u
@t
þ v @u
@r
þ kdu
r þ k
@u
@x
þ uv
r þ k
	 

¼  k
r þ k
@p
@x
þ 1
ðr þ kÞ2
@
@r
fðr þ kÞ2Srxg þ kdr þ k
@Sxx
@x
 M
2u
ðr þ kÞ2
; ð16Þ
Re d
@
@t
þ v @
@r
þ kdu
r þ k
@
@x
	 

h ¼ @
2
@r2
þ 1
r þ k
@
@r
þ d2 @
2
@x2
" #
h
þ Br ðSrr  SxxÞ @v
@r
þ Sxr @u
@r
þ kd
r þ k
@v
@x
 u
r þ k
 	 

 Rn @
2h
@r2
þM2u2 þM2v2; ð17Þ
u b1Srx ¼ 0 at r ¼ g; ð18Þ
h b2
@h
@r
¼ 1
0
 
at r ¼ g; ð19Þ
k E1
@3
@x3
þ E2 @
3
@x@t2
þ E3 @
2
@t@x
" #
g ¼ Reðr þ kÞ
 d @u
@t
þ v @u
@r
þ kdu
r þ k
@u
@x
þ uv
r þ k
	 

þ 1
r þ k
@
@r
fðr þ kÞ2Srxg
þ d @Sxx
@x
 M
2u
ðr þ kÞ at r ¼ g; ð20Þ
g ¼  1þ e sin 2pðx tÞ½ ;
in which asterisk have been suppressed for simplicity. Introducing
the stream function wðx; r; tÞ byu ¼  @w
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; v ¼ d k
r þ k
@w
@x
; ð21Þ
Eq. (14) is identically satisfied. It should be pointed out that the
theory of long wavelength and zero Reynolds number remains
applicable for case of chyme transport in small intestine [46]. In
this case c = 2 cm/min, a = 1.25 cm and k ¼ 8:01 cm. Here half
width of intestine is small in comparison to wavelength i.e.
a=k ¼ 0:156. It is also declared by Lew et al. [47] that ReynoldsF
¼
F
Fig. 5. Impact of b1 on u when  ¼ 0:2; x ¼ 0:2; t ¼ 0:1; E1 ¼ 0:03; E2 ¼
0:03; E3 ¼ 0:1; M ¼ 1:0; b2 ¼ 0:1; Br ¼ 2:0; Rn ¼ 0:1; b ¼ 0:1 and k ¼ 3:0.
Fig. 6. Impact of wall parameter on u when  ¼ 0:2; x ¼ 0:2; t ¼ 0:1; k ¼ 3:0; b1 ¼
0:5; b2 ¼ 0:1; Br; Br ¼ 2:0; Rn ¼ 0:1; M ¼ 1:0 and b ¼ 0:1.
Fig. 7. Impact of M on hwhen  ¼ 0:2; x ¼ 0:2; t ¼ 0:1; E1 ¼ 0:03; E2 ¼
0:03; E3 ¼ 0:1; k ¼ 9:0; b1 ¼ 0:1; b2 ¼ 0:1; Br ¼ 2:0; Rn ¼ 0:1 and b ¼ 0:1.
Fig. 8. Impact of b2 on h when  ¼ 0:2; x ¼ 0:2, t ¼ 0:1; E1 ¼ 0:03; E2 ¼ 0:03; E3
¼ 0:1; k ¼ 9:0; b1 ¼ 0:1; M ¼ 2:0; Br ¼ 2:0; Rn ¼ 0:1 and b ¼ 0:1.
Fig. 9. Impact of Br on h when  ¼ 0:2; x ¼ 0:2; t ¼ 0:1; E1 ¼ 0:03; E2 ¼ 0:03; E3
¼ 0:1; k ¼ 9:0; b1 ¼ 0:1; b2 ¼ 0:1; M ¼ 2:0; Rn ¼ 0:1 and b ¼ 0:1.
Fig. 10. Impact of b on h when  ¼ 0:2; x ¼ 0:2; t ¼ 0:1; E1 ¼ 0:03; E2 ¼
0:03; E3 ¼ 0:1; k ¼ 9:0; b1 ¼ 0:1; b2 ¼ 0:1; Br ¼ 2:0; Rn ¼ 0:1 and M ¼ 2:0.
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intrauterine fluid flow due to myomaterial contractions is a peri-
staltic type fluid motion in a cavity. The sagittal cross section of
the uterus reveals a narrow channel enclosed by two fairly parallel
walls [48]. The 1–3 mm width of this channel is very small com-
pared with its 50 mm length [49], defining an opening angle from
cervix to fundus of about 0.04 rad. Analysis of dynamics parame-ters of the uterus revealed frequency, wavelength, amplitude and
velocity of the fluid–wall interface during a typical contractile
wave is found 0.01–0.057 Hz, 10–30 mm, 0.05–0.2 mm and 0.5–
1.9 mm/s respectively. Therefore, applying long wavelength and
low Reynolds number approximation to the Eqs. (15)–(20) yield
[2,3]:
Fig. 11. Impact of Rn on h when  ¼ 0:2; x ¼ 0:2; t ¼ 0:1; E1 ¼ 0:03; E2 ¼
0:03; E3 ¼ 0:1; k ¼ 9:0; b1 ¼ 0:1; b2 ¼ 0:1; Br ¼ 2:0; M ¼ 2:0 and b ¼ 0:1.
Fig. 12. Impact of k on hwhen  ¼ 0:2; x ¼ 0:2; t ¼ 0:1; E1 ¼ 0:03; E2 ¼ 0:03; E3 ¼
0:1; M ¼ 2:0; b1 ¼ 0:1; b; b2 ¼ 0:1; Br ¼ 2:0; Rn ¼ 0:1 and b ¼ 0:1.
Fig. 13. Impact of wall parameters on h when  ¼ 0:2; x ¼ 0:2; t ¼
0:1; k ¼ 9:0; b1 ¼ 0:1; b2 ¼ 0:1; Br ¼ 2:0; Rn ¼ 0:1; b ¼ 0:1 and M ¼ 2:0.
Fig. 14. Impact of Br on Z for E1 ¼ 0:02; E2 ¼ 0:02; E3 ¼ 0:1; t ¼ 0:1; b ¼
0:03; b1 ¼ 0:1; b2 ¼ 0:1;  ¼ 0:2; M ¼ 2:0; Rn ¼ 0:1 and k ¼ 13:0.
Fig. 15. Impact of b2 on Z for E1 ¼ 0:02; E2 ¼ 0:02; E3 ¼ 0:1; t ¼ 0:1; b ¼
0:03; b1 ¼ 0:1; Br ¼ 2:0;  ¼ 0:2; M ¼ 2:0; Rn ¼ 0:1 and k ¼ 13:0.
Fig. 16. Impact of Rn on Z for E1 ¼ 0:02; E2 ¼ 0:02; E3 ¼ 0:1; t ¼ 0:1; b ¼
0:03; b1 ¼ 0:1; b2 ¼ 0:1;  ¼ 0:2; M ¼ 2:0; Br ¼ 2:0 and k ¼ 13:0.
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Fig. 20. Impact of wall parameters on h when t ¼ 0:1; b ¼ 0:03; b1 ¼ 0:1; b2 ¼
0:1;  ¼ 0:2; Br ¼ 2:0; k ¼ 9:0; Rn ¼ 0:1 and M ¼ 2:0.
Fig. 17. Impact of M on Z for E1 ¼ 0:02; E2 ¼ 0:02; E3 ¼ 0:1; t ¼ 0:1; b ¼
0:03; b1 ¼ 0:1; b2 ¼ 0:1;  ¼ 0:2; Br ¼ 2:0; Rn ¼ 0:1 and k ¼ 13:0.
Fig. 18. Impact of b on Z for E1 ¼ 0:02; E2 ¼ 0:02; E3 ¼ 0:1; t ¼
0:1; Br ¼ 2:0; b1 ¼ 0:1; b2 ¼ 0:1;  ¼ 0:2; M ¼ 2:0; Rn ¼ 0:1 and k ¼ 13:0.
Fig. 19. Impact of k on h when E1 ¼ 0:02; E2 ¼ 0:02; E3 ¼ 0:1; t ¼
0:1; b ¼ 0:03; b1 ¼ 0:1; b2 ¼ 0:1;  ¼ 0:2; M ¼ 2:0; Rn ¼ 0:1 and Br ¼ 2:0.
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By solving Eqs. (22) and (23) we get
@
@r
1
ðr þ kÞ
@
@r
fðr þ kÞ2Srxg þ M
2wr
ðr þ kÞ
 !
¼ 0; ð29Þ
where ð¼ a=dÞ is the amplitude ratio, dð¼ d=kÞ the wave number, k
the dimensionless curvature parameter, E1 ¼  sd3k31lc,
E2 ¼ m1cd
3
k31lc
; E3 ¼ d1d
3
k21l
are the non-dimensional elasticity parameters,
Re ¼ qcdl the Reynolds number, Mð¼ B0d
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r=l
p Þ the Hartman num-
ber, Rn ¼ 16rT30=3kl0
 
the radiation parameter and
Brð¼ lc2=jT0Þ the Brinkman number.Graphical results and discussion
The non-linear system of equations is numerically solved by
using NDSolve technique. The graphical results for variations in
axial velocity u, temperature h and heat transfer coefficient Z
against physical parameters i.e. Hartman number M, curvature
parameter k, slip parameters biði ¼ 1;2Þ, Brinkman number Br,
radiation parameter Rn, fluid parameter b and wall elastance
parameters Ei (i = 1–3) are displayed and discussed in detail
through Figs. 2–20.Axial velocity
The axial velocity u is analyzed graphically for various embedded
parameters (see Figs. 2–6). Thevelocityprofilehas increasingbehav-
ior for larger values of fluid parameter b. It clearly indicates that
magnitude of u is higher for Sutterby fluid as compared to Newto-
nian fluid (see Fig. 2). Kinetic energy of fluid enhances by increasing
fluid parameter. Ultimate there is an increase in velocity. The veloc-
ity profileureducesdue to increase in theHartmannumberM. Itwit-
nesses the fact that Lorentz force is resistive in nature. This fact is
illustrated through Fig. 3. Fig. 4 shows the influence of curvature
parameter k on axial velocity distribution u. The velocity profile u
is increasing function of k in the upper half of curved channel. Effect
of velocity slip parameter b1 on axial velocity u is analyzed through
Fig. 5. Velocity enhances with an increase in slip parameter b1. The
1094 T. Hayat et al. / Results in Physics 6 (2016) 1088–1095variation in velocity profile due to elastance parameters is illus-
trated in Fig. 6. Here velocity distribution is increasing function of
E1 and E2 but it has a reverse behavior for E3. Since E3 represents
the damping force so it causes a reduction in velocity.Temperature profile
Figs. 7–13 show the impact of sundry parameters on tempera-
ture distribution h. Fig. (7) illustrates the impact of Hartman num-
ber M on temperature h. Here increasing behavior of h is noted for
larger values ofM. Lorentz force offers greater resistance for higher
values of Hartman numberM and thus temperature rises. The ther-
mal slip parameter b2 has increasing behavior on temperature dis-
tribution h (see Fig. 8). The viscous dissipation rises the
temperature of fluid due to internal friction generated by shear
in the fluid which causes heat generation. Hence temperature pro-
file h is increasing function of Brinkman number Br (see Fig. 9).
Fig. 10 is plotted for fluid parameter b. Temperature h reduces with
an increase in value of fluid parameter b. Fig. 11 elucidates the
impact of radiation parameter Rn on h. It can be seen that temper-
ature decreases for increasing values of Rn. Fig. 12 clarifies that the
temperature h reduces for larger values of curvature parameter k.
Fig. 13 characterizes the influence of wall parameters (E1; E2; E3)
on temperature h. Increase in values of E1 and E2 causes the tem-
perature h to enhance. However an increase in value of E3 causes
the reduction of temperature h.Heat transfer coefficient
Mathematical expression for heat transfer coefficient is defined
as ZðxÞ ¼ gxh gð Þ at the walls of curved channel. Heat transfer coef-
ficient has oscillatory behavior due to sinusoidal waves propagat-
ing along the channel walls. Figs. 14 and 15 portraying the
impacts of Brinkman number Br and thermal slip parameter b2
on heat transfer coefficient Z. Increase in values of Br and b2 rises
the heat transfer coefficient Z. The radiation parameter Rn
decreases the rate of heat transfer (see Fig. 16). The Hartman num-
ber M has increasing impact on heat transfer coefficient Z (shown
in Fig. 17). Figs. 18 and 19 show similar influence of fluid parame-
ter b and curvature parameter k on heat transfer coefficient Z. Heat
transfer coefficient has decreasing behavior against b but it shows
opposite behavior for k. Heat transfer coefficient is increasing func-
tion of elasticity wall parameter E1; E2 and for damping wall
parameter E3 it reduces (see Fig. 20).Conclusions
The peristaltic flow of Sutterby fluid in a curved channel with
influences of radial magnetic field and thermal radiation is ana-
lyzed in presence of Joule heating and slip conditions. The impor-
tant findings here can be summarized in the following points:
 Hartman number reduces velocity profile but temperature pro-
file rises.
 Thermal radiation parameter reduces both the velocity and
temperature distributions.
 Thermal slip parameter enhances the temperature.
 Temperature rises for larger values of curvature parameter.
 Velocity profile is increasing function of fluid parameter while
temperature reduces for its increasing values.
 Increase in the values of Brinkman number enhances tempera-
turewhereas heat transfer coefficient show decreasing behavior.References
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